The wide-angle X-ray diffraction patterns of carbon fibres are strongly modulated by disorder in the stacking of carbon layers, preferred orientation and the measuring conditions. A method has been developed to characterize the crystallites in carbon fibres by applying the theory on the wide-angle X-ray diffraction of materials comprising . layer-type molecules, previously reported by the present authors [Shioya & Takaku (1988) . Acta Cryst. A44, 150-157]. A set of pseudo-inverse functions which relate the charac. teristic values of the intensity distribution to the structural parameters has been proposed, and the structural parameters have been evaluated by iterative calculation of these pseudo-inverse functions and the intensity distribution. It is suggested that the interlayer spacing between carbon layers is distributed according to a skewed function having a longer tail at larger spacings.
I. Introduction
In the study of highly, graphitized carbons and soft carbons, various methods have been proposed for the characterization of crystallites by wide-angle X-ray diffraction, and extensive studies have been carried out (Ruland, 1968; Maire & Mering, 1970) . These methods, however, are not satisfactory for the characterization of carbon fibres currently available in industry, since carbon fibres show only a limited number of observable reflexions and have a high preferred orientation of crystallites. In fact, many carbon fibres produce only the 002, 004, 10, 11 and occasionally 006 and 112 reflexions on the Cu Ka X-ray diffraction pattern. The present study intends to develop a method to characterize the crystallites in carbon fibres by wide-angle X-ray diffraction from a fibre bundle.
There are two ways of characterizing crystallites by wide-angle X-ray diffraction; one is to measure * Present address: Department of Industrial Chemistry, Tsuruoka National College of Technology, Tsuruoka City, Yamagata 997, Japan. the atomic radial distribution by the Fourier inversion of the intensity distribution (Ergun, 1968; Franklin, 1950) , and the other is to compare the observed intensity distribution with that calculated analytically or numerically on the basis of an appropriate structure model (Ruland & Tompa, 1968 , 1972 Plangon, 1980 Plangon, , 1981 . The former method has the advantage in that it does not necessitate any hypothesis on the structure of materials. By this method, however, the structure in real space cannot be reduced without the help of a structure model, since the atomic radial distribution is not a density distribution but its self-convolution. On the other hand, the latter method is advantageous in that we can deduce certain structural information from even one reflexion, in contrast to the former method which requires all the reflexions over the whole range of diffraction angles. In addition, this method is favorable in taking account of the effects of various factors such as preferred orientation, instrumental broadening and the measuring conditions on the observed intensity distribution. We shall adopt the latter method in the present study.
Many efforts have been devoted to obtaining simplified useful equations which relate the characteristic values of diffraction patterns, such as peak diffraction angles and peak breadths, to the structural parameters. Because of the approximations or assumptions made in the process of reducing formulas, most works so far reported are confined to special cases, e.g. randomly translated layers, infinitely large crystallites or randomly oriented crystallites. As a consequence, their application to real materials is naturally limited.
The present authors have deduced theoretically the wide-angle X-ray diffraction by finite-size crystallites with preferential orientation, comprising layer-type molecules stacked with Hosemann distortions of the second kind (Shioya & Takaku, 1988) . The present study is an application of the theory, and proposes a characterization method based on simulating the intensity distribution. The method developed can be applied to layer-type carbons in general, and to the measuring conditions of the symmetric transmission method, photographic recordings and recordings with a position-sensitive proportional counter (PSPC). The symbols used in this study are listed in § 6. The 001 reflexions reflect the periodicity in the stacking of carbon layers, while the hk reflexions show the periodicity in the arrangement of atoms in individual carbon layers. Thus, it is known that the crystallites in these fibres comprise the carbon layers stacked parallel to each other and translated randomly in a direction parallel to the layer plane.
Among carbon fibres of various origins, a certain kind of carbon fibre produces diffuse hkl reflexions in addition to the 001 and the hkO reflexions. The hkO reflexions come from the same source as the hk reflexions originate from. On the other hand, the hkl reflexions reflect the periodicity in the arrangement of atoms in directions different from the layer normal.
That is, the development of the diffuse hkl reflexions means that a certain degree of regularity exists in the mutual translation of carbon layers in a direction parallel to the layer plane. We shall call this regularity the translation regularity.
The extreme form of these crystallites, i.e. crystallites with complete regularity, will be of the hexagonal graphite structure. Therefore, it is possible to regard generally the crystallites in carbon fibres as hexagonal crystallites disordered intensely by Hosemann distortions of the second kind. The individual carbon layers in a crystallite are the repetition of two-dimensional unit cells Na and Nb times in the respective directions of a and b, where the two-dimensional unit cell comprises two carbon atoms located at 0 and 2a/3 + b/3. A crystallite consists of Nc carbon layers stacked in parallel with a period c. We shall number the carbon layers in order of stacking, and represent the vector between the origins of neighbouring layers by x. For the hexagonal graphite structure, the vector between the origins of the 2nth and (2n + 1)th layers is x = a/3 +2b/3 +c/2, and that between the (2n + 1)th and (2n + 2)th layers is x=-a/3-2b/3+c/2, where c is perpendicular to both a and b. This alternating translation comprises the so-called ABAB-type sequence. On the other hand, for the crystallites in carbon fibres, the vector between the origins of the 2nth and (2n + 1)th layers and that between the (2n + 1)th and (2n +2)th layers are distributed statistically around x = a/3 + 2b/3 + c/2 and x = -a/3 -2b/3 + c/2, respectively, according to a probability density function with the average x = 0. We shall represent this probability density function by D(x).
Layer-type carbons are composed of these crystallites distributed according to an orientation function P( e, ~, ix) normalized so that 2~" 27r J" j" P(e,~:,/z)sin~dedixd~=l.
~:=0 tz =0 e =0
In the case of carbon fibres, P is independent of e and also of ix, although there are exceptions (Plaetschke & Ruland, 1985) .
Regularity and asymmetry parameters
The diffraction intensity is given by the Fourier transform of the convolution of the density distribution. It is conceived by analogy that the influence of the stacking disorder on the diffraction pattern arises from the form of the Fourier transform ofthe function D(x). Thus we shall introduce a regularity parameter R (h, k, l) and an asymmetry parameter ~'(h, k, l) defined as (2) where s = ha*+ kb*+ Ic*.
The parameter R represents the degree of stacking regularity, and takes a value between zero and unity. For crystallites with complete three-dimensional regularity, R = 1, and for stacks of layers without translation regularity, R = 0. The parameter ~" represents the degree of asymmetry of the function D(x). In the case that D(x) = D(-x), ~" = 0. It is noted that R and ff are also functions of h, k and I. That is, the influence of the stacking disorder is different in its extent between reflexions. Represent x by the variables p, q and r having units of length as
and represent D(x) by a product of one-dimensional probability density functions, Da(p), Db(q) and De(r) , as
Then we can write R exp (27ri~') = ]" Da(p) exp (-2¢rihp/a) dp [--X2/(20"~b) ], (7) (6) leads to R=exp[,27r2cr2ab(h2+k2) /a2], (8) and ~:=0.
Now we shall consider the parameters R and ~ for the 001 reflexions. Since h = 0 and k-~ 0, the integrations of Da and Db in (6) For sufficiently small values of o%, the Taylor expansion of the right-hand side of the above equation with respect to o%1 gives
Therefore, R and ff are given by
In these expressions, crc and rc are the characteristic values of De(r) given by the equations JDc(r) dr=l,
I rDc(r) dr=0,
I r3Oc(r) dr = (%°%) 3"
That is, rc and crc are the asymmetry and the standard deviation of the interlayer spacing, respectively. The parameter r~ is 0 when De(r) is a symmetric function, greater than 0 when D~(r) is a function having a longer tail in the region r> 0, and smaller than 0 when D~(r) has a longer tail in the region r < 0.
Wide-angle X-ray diffraction
Ja (20) 
Js (h,k,l) =l+RE+2R
~: = cos ~0 cos r + sin q~ sin r cos r/,
r = cos q~ cos s ~ + sin q~ sin s c cos e.
We shall consider the case that P is independent of e and/z. 
OOl reflexions
The wide-angle X-ray diffraction intensity of the layer-type materials, I~hkt, is generally represented as (Shioya & Takaku, 1988) 
IChkl(S) = (vcAt/Vo)IeJa S 2~ 2, J~JtJ~J~P
where
27r
Equation (29) is strictly satisfied when Naa = Nbb = tall and 7 = 7r/2.
hk and hkl reflexions
When P is independent of e and/z, the hk and hld (h ~ 0 or k ¢ 0) diffraction intensity I~,k are reduced from (16) to (Shioya & Takaku, 1988) Uhk(20, ¢)= vcAt(20) Ie(20) J~(20) x E Y~ S J,, ( h, , k,) Js( h, , k, , t) 
( 34) For the meridional and the equatorial diffractions, La is replaced by Loll and Lo±, respectively.
When P depends on/x, (16) should be used instead of (30).
Observed intensity distribution
In actual measurements, the intensity distributions represented by (16), (28) and (30) are modulated by various factors such as the X-ray transmittances of the sample and air, the additional broadening introduced by the measuring instrument, the background, and the ~eometrv of measurements.
In general, the X-ray transmittance r is related to the optical length t, the density p of the material and the mass absorption coefficient u by the equation r --exp (-upt) . (35) From this equation, the sample thickness to can be calculated from the attenuation ratio of a crystalline reflexion intercepted by the sample. The optical length t(20) of the sample is calculated from to depending on the geometry of measurement. Then, the transmittance of the sample, r,(20), can be calculated by substituting t(20) into (35). The transmittance of air, ra, is obtained by substituting the sampleto-detector distance L into (35). The observed intensity is the product of rs, ra and the original intensity.
When the instrumental broadening is not negligibly small, it is necessary to measure the reflexion intensity distribution produced by a reference material, B(20, q~) . This reference material should be a material comprising sufficiently large and regular crystallites, and have possibly the same shape as the sample to be studied. In the background are contained the tails of reflexions near the measured reflexion, the diffractions from structural components other than the layer stacks, Compton scattering, air scattering and cosmic radiation. The observed intensity is the sum of the background intensity lb and the original intensity.
Although several methods for subtracting the background with precision from the observed intensity (Ergun, 1968; Short & Walker, 1963) have been developed, a somewhat arbitrary but convenient way of determining lb is described here. For a 001 reflexion, a straight line connecting the minima on both sides of the reflexion peak is considered as lb, approximately. For an hk reflexion and a series of hkl reflexions with constant values of h and k, by considering asymmetry in the shapes of these reflexions, the minimum intensities on the lowerangle sides of the hk and the hkO reflexion peaks, respectively, are assumed as lb.
It is thought that the hitherto described 'intensity factors', influencing one another in a complicated manner, come in the as-measured intensity distribution of a sample. However, the as-measured intensity l~,kt may be written approximately as I~hk, ( 20, ~)= 55 B(20-20', q~-p')r,(20') x roI~k~(20', ~') d(20') dq~'+ Ib. (37) The optical length t and the relation between 20 and ~p vary depending on the geometrical arrangements of the incident beam, the sample and the detector. The following discussion is focused on the measurement by the transmission method, using a sample of carbon fibres aligned in parallel in a rectangular cross section. The sample thickness to is determined perpendicularly to the irradiated surface. The irradiated surface area is assumed to be large, compared with the cross section of the incident beam. The sample is placed on a diffractometer so that the direction of the sample thickness is parallel to the plane defined by the incident and the diffracted X-ray, as is adopted in the usual case. In order to describe the geometry of measurements, we shall define O, as the angle between the direction of the sample thickness and the incident beam, and qJs as the angle between the primary axis (i.e. fibre axis) and the plane defined by the incident and the diffracted X-rays. The angle between the incident and the diffracted X-rays is 20. In this geometry, the average optical length of the sample is written as
It is known from spherical trigonometry that the observed intensity after subtracting the background, l~kt, is represented by a function of 0, ~ and ~, by
For the symmetric transmission method, the relation ~, = 0 is always realized, and the observed intensity is given by I~hk~(20, Oy)--lb. Thus the measurements of the variations of I~hkt with 20 and can be made separately. The angle ~, is ordinarily kept at 0g0t in the case of recordings with a PSPC, and at 0 for photographic recordings. In these cases, the value of ~ depends on 0 as well as on Of. In addition, the sample-to-detector distance L and the sensitivity of the detector, due to the difference in the inclination angle of the diffracted X-ray against the detector, vary with 0.
Characterization

General
Denote the characteristic values of diffraction intensity distribution generally by s~, and the structural parameters generally by Xk. If the values of xt, x2,.., are known, we can simulate the intensity distribution by using (39), and thereby obtain the values of st, s2,.... In other words, we already have functions ft, f2, • • • which relate xt, x2,.., to st, s2,.., as si=f (xt,x2,...) .
What are required for the determination of the structural parameters are the inverse functions of ft,f2,..., though finding these inverse functions in an analytic way is difficult on account of complexity. 
where 8s~ is a correction term and is a function of xt, x2,.... The functions gk must be chosen so that they can be solved for 8sj as 8sj = hi (st, S2, . . . , xt, x2, . . .) .
The true values of x~,x2,.., will be determined by iterating the calculations of (40), (42) and (41) (ii) calculate 6s~ n), ~s~,... by substituting s~ "~, s~ "), ... and x~ ~-t), x2t"-t),.., into (42); and (iii) calculate x~ n~,x2 ~n),... by substituting st, s2,.., and ~s~ "), cSs~"l,.., into (41).
Repeat the process until ~sl ~ and X~k ~) converge. The functions gk and the values of ~s) t~ should be chosen so that X~k ") converge. These functions and starting values are shown in the following sections.
Interlayer spacing
The 001 peak diffraction angle 20~Ol on the I~ot(20, ~bf) curve is mainly determined by the function Jc(0, 0, 2c sin 0/A) in (28). From (22), we find 2c sin 0oPot/h = 1o+2~. Therefore, replacing ~" by the right-hand side of (11) In the above expression, ~0oot means the peak shift arising in the calculation of (28), (37) and (39), and ~a(t) root can be assumed as 0. The mean interlayer spacing c/2 and ~'00~ are determined from the intercept and the slope of a straight line approximating the plots of the left-hand side of (43) against 12. When no 001 reflexion other than 002 can be observed, c/2 will be determined by neglecting the second term of (43). It should be noted that the c/2 value thus determined shows a smaller value than the true mean interlayer spacing, when zc00~ is positive.
hk reflexion-plane spacing
Denote by 20Pko the hk (or hkO) peak diffraction angle on theI°k(20, ~Jf) curve. Then, the hk (or hkO) reflexion-plane spacing dhk is represented as
where 80(h~)O can be approximated by 0. The peak shift of the hk reflexion is rather large (Warren, 1941) , so that dhk should be evaluated at least by using 80(h~O.
Layer stacking height
We shall define 20toot and 20ohot respectively as the diffraction angles at half-maximum on the lower-and on the higher-angle side of the 001 reflexion peak on the 1~ot(20, ~f) curve. Then from (22) we get (Tr/ln 2)t/2(sin 0hot--sin 01ool)/h
Replacing R by the right-hand side of (10) where ~w (I) ~,,,, oot can be regarded as 0. Therefore, the layer stacking height L~ and the standard deviation of the interlayer spacing o-~ are determined respectively from the intercept and the slope of a straight line approximating the plots of the left-hand side of (45) against 14.
When no 001 reflexion other than 002 is available, L~ may be determined by neglecting the second term of (45). In this case, the calculated value of L~ gives a smaller value than the true layer stacking height, when o-~ is not zero.
Layer extent
Let us define 20~kO as the hk (or hkO) peak diffraction angle, and 20~k0 as the diffraction angle at halfmaximum on the lower-angle side of the hk (or hkO) reflexion peak, respectively on the 1~k(20, ~I) curve.
The L~ values which will be calculated by substituting the 20~kO and 20~kO values when ~s=0 and those when ~s--7r/2 into the equation L~ =0.26(1 +BKhko)h/(sin 0Phko--Sin OthkO) (46) give respectively the layer extent parallel to the fibre axis, Lall, and that perpendicular to the fibre axis, Laj. In (46), 6K(h~,)o can be approximated as 0. The reason why the parameters 20Phko and 20~kO, instead of the parameters 20hhko and 20/k0, are used for calculation is that the modulation of the intensity distribution with translation regularity, preferred orientation and the measuring direction is slighter on the lowerangle side than on the higher-angle side of the reflexion peak. The coefficient, 0.26, was determined as the most appropriate value for various intensity curves calculated by using (39) with various structural parameters. The absolute value of t~khk 0 is less than about 0.1.
Orientation
We shall define 4'~ and A~O I respectively as the peak angle and the peak broadening at half-maximum on the I~OI(20PoI, qJy) curve, and fP and /If respectively as the peak angle and the peak broadening at halfmaximum on the distribution P(f). For carbon fibres, q~ = s cp = 7r/2. The exact shape of P(f) is not known o p but is expected to be similar to loot(2Ooot, ~bf). Therefore, by considering that d~o = {cos (8-qtt) sin qq/sin ~o} d$'f, we assume that (47) cos ( 0 o"o ,-----i * where K is a normalization factor satisfying (1). This means that
P(f)=KI~ol(2OPot,(I+6~)(~-~P)' ~b~),
A¢=A~bfcos(OPot-~b,)/(l+6~).
The correction term 6f (1) can be approximated by 0. Equation (47) will be used for the simulation of the intensity curve, and (48) for the calculation of 6f ('). The orientation parameter f is calculated from the equation
4.7. Translation regularity The translation regularity R(h, k, 0) is determined by comparing the hkO and the hkl peak intensities. Since the hkl peak intensities depend on various structural parameters as well as R, it is difficult to reduce a simple pseudo-inverse function which relates the peak intensities to R. Thus we will find the R value by the trial-and-error method.
As an example, we will illustrate a way to determine R from the equatorial 110 and 112 reflexions. In this case, the overlap of the 006 on the 112 reflexion should be taken account of. In the following, 17,(28, 7r/2) and 1~)o6(20 , 71"/2) represent the simulated intensity distributions. We shall define 20f~o and 20f12 respectively as the 110 and 112 peak diffraction angles on the 171(20, 7r/2) curve, and 20oPo6 as the 006 peak diffraction angle on the lo°o6(28, 7r/2) curve. Define H~0, H112 and Hoo6 respectively as the 110, 112 and 006 peak intensities on the observed equatorial intensity distribution after subtracting the background but without separating respective reflexions. Then the theoretical value of the 112 peak intensity, I~'~2, is written as Since B is a sharp function, and rs, Ie, Ja and Js are functions which change gradually with 20, (39), (37) and (28) × jj Jr(h, k) dh dk III e(¢) sin z dp, dz dr/.
I71(2ofi2,
By using (22), (20) and (1) together with the relations sin ~" dr dr/= sin ~ ds ¢ de and d~# -cos (0 -0,) dO:, and considering that the multiplicity of the 001 reflexion equals 2, the volume fraction of crystallites, v¢, is given by the equation vc = (1 + 8v)Trv 2 sin 2 0goz cos 0oPot
where 8v °) can be approximated by 0. Since the parameter vc does not affect the shape of the intensity diffraction, this parameter may be calculated after determining all the other structural parameters. It is noted that the ratio of the v~ values for two samples is given by the ratio of the fight-hand side of (51), in which the incident beam power AIi cancels out. Therefore, if a reference sample of which vc is known by an appropriate method is available, vc of the sample to be studied may be evaluated. The fibre density was measured by the sink-float method using carbon tetrachloride, ethylene dibromide and methylene iodide mixtures at 295 K.
Experimental
Results and discussion
The equatorial intensity distributions of fibres A and B are shown in Fig. 1 . The most significant difference between these diffraction patterns is that with fibre B the 110, 112 and 006 reflexion peaks appear respectively at about 20=78, 84 and 86 ° , whereas with fibre A, only the 11 reflexion appears in this region.
In Table 1 are given the characteristic values of the intensity distribution and the fibre density, which correspond to si values in (40) to (42) .
From the values in Table 1 , the structural parameters were evaluated by the method described in § 4.
Measurements
The wide-angle X-ray diffraction was measured for a high-strength polyacrylonitrile-based carbon fibre (fibre A) and a pitch-based carbon fibre heat treated at 2870 K (fibre B) by using Ni-filtered Cu Ka radiation. About 20 000 filaments of carbon fibres were aligned in parallel by using a matched die and a small amount of diluted adhesive, and then mounted on a Rigaku-denki diffrac.tometer.
The 002 intensity distribution as a function of Of was observed with a proportional counter by the symmetric transmission method. The measurements of the reflexion intensity distributions as functions of 20 were carded out with a PSPC by keeping 0, at the Bragg angles of the individual reflexion peaks. In the course of calculation, the function B in (37) A was approximated by the Dirac delta function since the instrumental broadening was sufficiently small, a, b, c In Tables 2(a) 
dvx, dv~
by assuming fibre B as a reference sample. The fraction v~ of fibre B was determined as the ratio of the e fibre density to the crystallite density calculated from f dll and doo2.
Hhkl
As is found from Table 2 , the values of 6011 and ho, ko, lo 6v are large and cannot be neglected, whereas the Ib correction terms other than these two are relatively IChkl, IShkl, l~k t small. The variation of each correction term in Table  2 becomes rather small at n larger than 2, so that the li iterative calculation of the structural parameters may K be terminated at n--2. L In Table 3 , the asymmetry parameter "r~ shows La, Lall, La± positive values for both fibres. This suggests that the interlayer spacing between carbon layers has a skewed L~ distribution possessing a longer tail at larger spacings, m 
